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Abstract— In recent years, hardware advances have resulted
in software configurable radar systems that lend themselves well
to decision-making systems. Partially observable Markov decision
processes (POMDPs) are evaluated herein as a framework for
decision-making in radar scenarios, and value iteration is
examined as a method for computing an optimal decision policy
with a POMDP. A scenario is investigated wherein a radar is
competing with a greedy agent for spectrum. Results demonstrate
improvement over a heuristic decision-making agent that seeks to
maximize immediate reward.

I. INTRODUCTION

Improvements in radio frequency hardware and embedded
computing enable a new class of wideband, multichannel,
configurable radar systems with the potential to adapt to vastly
changing characteristics in the operating environment. These
systems are a marked change from years past, where radar
systems were custom-designed to operate within stringent
constraints, such as a narrow frequency allocation, and operating
mode (e.g., airport terminal wind shear monitoring).
Contemporary radar designs include all-digital arrays with
arbitrary waveform generation at the element level, 10:1
operating frequency range, and highly flexible back-end
processing. The ability to automatically and dynamically
manipulate the configuration settings of software-defined radars
opens up the possibility for enhanced performance in
environments where spectrum access is competitive, dynamic,
and conflicted by multi-user operating needs.

A cognitive radar interacts with the environment, senses the
corresponding response, and then attempts to optimize resource
allocations to achieve desired objectives, such as access to
contiguous spectrum bands over a sufficient time duration to
generate a high quality, high range resolution target profile. In
[1], cognitive radar is described from the perspective of the
perception-action cycle, as shown in Figure 1. An alternative,
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Figure 2: POMDP perception-action cycle.

but related, view given in [2] is based on the Rasmussen model
commonly used in robotics and human factors engineering,
which asserts the perception-action cycle on three levels: the
skill-based layer, the rule-based layer, and the knowledge-based
layer. The Rasmussen model suggests an implementation
strategy based on the use of a partially observable Markov
decision processes (POMDP). A number of papers on cognitive
radar focus on radar enhancement techniques leveraging prior
knowledge through parametric, model-based strategies [3-5], or
machine learning algorithms for perception functions [6-7], thus
differing substantially from the POMDP approach involving
implementation of the perception-action cycle.

A POMDP includes agent states, observations, a transition
model, and costs/rewards for various actions. A policy is a
course of action for various observables and exists for a
specified horizon. In this paper, we investigate the application
of cognitive radar using the POMDP approach for the case of a
radar competing for contiguous spectrum slots with another user
who wishes to maximize its own access to spectrum.

The rest of this paper is organized as follows. Section II gives
an overview of POMDPs and value iteration algorithms for
computing optimal policies. In Section III, we describe the
POMDP model used for our experiments. We present simulation
results and discussion in Section IV.

II. POMDPS & VALUE ITERATION

A. The POMDP Model

A POMDP is an extension of a Markov Decision Process
(MDP) where uncertainty in environment state is embedded into
the model. In an MDP, although there may exist uncertainty in
the effects of an agent’s actions, the agent always is completely
aware of the environment state [8]. Given the uncertainty
inherent to the radar environment, POMDPs are the more
desirable model for radar scenarios. A POMDP is defined by
the tuple (S,Q,A,T,0,R,y), where S is a discrete set of states,
Q is a discrete set of observations, A is a discrete set of actions,
T is a state transition matrix for the states in S, O is an
observation probability matrix for the observations in £2, R is a
reward matrix, and y is a reward discount factor between zero
and one [9]. One example of a POMDP is the two-state tiger
problem, where an agent is faced with two doors, one of which
has a tiger behind it [10]. The actions are opening door A,
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opening door B, or listening for the tiger. The observations are
that the tiger is behind door A or door B. Clearly, the agent
would prefer to open the door that does not have the tiger behind
it.

Ina POMDP, at a given time step, an agent lies in a state s €
S, and takes an action a € A. The agent then immediately
receives a reward R (s, a), transitions to a new state s’ € S, and
receives an observation o € 0. Figure 2 demonstrates the
relationship of the POMDP dynamics to the perception-action
cycle. The agent maintains a belief state b for every time step,
whereupon receiving a new observation after taking action a
and transitioning to s’, the new belief state b’ is given by

0(0,5,0) Y5 T(s, s, a)b(s)
Yyes 000, 5,0) Yses T(s, s,a)b(s)

where b'(s) denotes the probability of being in state s according
to the agent belief state, O(o, s', a) is the probability of receiving
observation o after taking action a and transitioning to state s’,
and 7(s, s', a) is the probability of transitioning to state s'after
taking action « in state s. The goal of the decision making agent
is to maximize the total discounted reward (we have some
discount factor y as part of a POMDP which effects how
influential future rewards are at in the value function) over a
horizon of K time steps:

b'(s") = )

K
Ri= ) 7RG, @)
i=1

We seek to compute an optimal policy m* that the
continuous belief space can be mapped into to maximize the
expected sum of discounted rewards. In the tiger POMDP, the
optimal policy is to take the listen action until the belief state
enters some region of the space which corresponds to the tiger
lying behind one of the doors, and then open the opposite door.

B. Value Iteration for computing optimal policies

There exist a number of methods for computing the optimal
policy for a POMDP [11]. One commonly used method for
computing optimal policies is value iteration. In this work, the
incremental pruning algorithm is used [12-13]. Here, an
overview of value iteration and the incremental pruning
algorithm are given.

A value function is a mapping from a belief state b’ to
expected discounted reward. A value function V' includes an
additional step of reward from the previous value function. V' is
given as

Vby=max (Tb+ yz 0o, s, )V (b)) 3)

0€0
The authors of [13] decompose (3) into the following equations:

V'(b) = max V(b) 4)
Vo) = Y Vi) (5)
0€0
Vo) = D 4 y0 (0,5, V() (6)

Where | - | is the cardinality operator. In [14], Smallwood &
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Figure 3: Tiger POMDP Value Function. piest represents the probability that the
tiger is behind the left door according to the agent belief state. The shaded
regions represent the corresponding optimal action to the regions in belief space
The black lines represent the portion of each line that does not lie at the
maximum of the value function. The red lines represent the maximum of the
value function.

Sondik prove that the value function V(b) is piecewise linear
and convex and can, thus, be written as

_ T
V(b) = maxb'2 @)

for A in a finite set of |S|-vectors A. [13] proceeds by rewriting

(4)-(6) as V' (b) = max;epr ATh,V*(b) = maxzepa ATh, and

VA (b) = maxjepe ATh for some finite sets of |S|-vectors A’,
A%, and A%. These sets of vectors are given by

A = purge (UaEAA“) (8)
A® = purge (@OEGA%> C))

A% = purge({t(A,a,0)|A € A}) (10)

Where purge(+) is a function defined below that reduces a set
of vectors to its minimum size representation, T(4, a, 0) is the

(A, a,0)(s) = ”lﬁ) +

y X A(s)0(o0,s',a)T(s', s,a), and the cross sum of two sets
of vectors A @B is given by A @B = {a+pB|a€APBE
B}}.

For a set of vectors A and an additional vector A, the witness
region is the set of information states for which vector A has the
largest dot product compared to other vectors in 4, given by:

R(A4,A) = {b|b=0,bT1=1,bTA>bTA¥ VA €4} (11)
We can define the purge function using (11):
purge(A) = {A|[A € A,R(1,A) # 0} (12)

vector given by

This function takes as input a set of vectors A and returns the
vectors in A with non-empty witness regions. The
implementation in [13] (FILTER) uses a linear programming
approach for finding points in belief space, where a single vector
is dominant over all others in the set (i.e., this vector has the
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maximal dot product with the points in this region as compared
to the rest of vectors in the set). We refer the reader to [13] and
[15] for the more technical details of this algorithm.

The incremental pruning algorithm relies on an efficient
implementation of (7). We note that purge(A @B @ C) =
purge(purge(A @ B) @ C). We can thus write (7) as

A = purge(...purge(purge(A‘},lGBA%Z)GBA‘;3 ) @A%k)
(13)

The incremental pruning algorithm proceeds by initializing with
an empty set W, populates W with vectors in the cross sum of
AG, and A%, that have a non-empty witness region, and then
iteratively applies the aforementioned FILTER algorithm to the
cross-sum of W and AG, . We can then purge A® and carry

actions along to obtain the set of vectors that represent A’. An
example of the value function for the tiger POMDP mentioned
in Section 2 can be seen in Figure 3. Note that all of the lines in
the lie at the maximum of the value function at some point in the
belief space. The red lines indicate the maximum of the value
function at any point in the belief space.

Complexity analysis of the incremental pruning algorithm is
discussed in depth in [13]. We remark that the advantage of
implementing the algorithm as in (13) comes from the fact that
if A =purge(A), B = purge(B), and W = purge(A ®B),
then |W| = max(|A|,|B]) . Thus, the size of W in the
incremental pruning algorithm is monotonically non-decreasing.
Cassandra, et al. [13] also discuss more general implementations
of incremental pruning. For our work, we apply the FILTER
algorithm proposed in [15] for purging sets of vectors.

III. GREEDY RADAR SCENARIO AS A POMDP

In this section, we seek to model the scenario where a radar
is competing with a benign agent for two spectrum slots as a
POMDP. The benign agent is operating in some configuration
of the available spectrum slots at each given time step. The goal
of the radar is to transmit without colliding with the other user
of the spectrum. The radar also has some ability to influence the
behavior of the benign agent. If the radar transmits and collides
with the benign agent, the benign agent may move to an
unoccupied spectrum slot or stop transmitting completely. The
radar can also spoof in an attempt to force the benign agent out
of its current configuration, with a greater success chance than a
normal transmission. In some circumstances spoofing can be
more desirable, because the radar is more certain to influence
the behavior of the benign agent.

To capture this scenario in a POMDP, we must define the
tuple as in Section II. This scenario has a total of four states,
where the benign agent is not present in the spectrum (both slots
free), the benign agent occupies only slot one, the benign agent
occupies only slot two, or the benign agent occupies both
spectrum slots. For the set of actions, the radar can transmit in
any of the non-empty slot configurations or spoof in any of these
configurations. We also include the action of ‘sensing,” where
the radar senses the environment but occupies no spectrum slots.
These options give a total of seven actions. The set of
observations is simply the set of states. The radar has some

chance of observing the new state of the environment given the
new state s’ and action a.

For the reward matrix, if the radar takes a transmit action and
the environment state is such to avoid collision with the benign
agent, the radar is rewarded. If the environment state is such that
the radar transmits in a slot occupied by the benign agent, the
radar is assessed a penalty. The radar is penalized for taking the
sensing action and penalized (albeit less harshly) for taking a
spoof action.

For the observation probability matrix, we define a transmit
certainty parameter ., a spoof certainty parameter cgp,, and a
sensing certainty parameter cg,, which are the probabilities
of correctly observing the state given the radar transmits,
spoofs, or senses, respectively (typical values used are
Cex~[-4,.6],csp~[.7,.9], Cons~[.95, .99]. The sets A, C A,
Asp €A, and Agys € A are denoted as the sets of actions
corresponding to transmit, spoof, and sensing actions,
respectively. The quantity q(a) is defined as

q(a) = Ctx]lAtx (a) + csp]lAsp (a) + csns]lAsns (a) (14)
Where 1, (a) is the indicator function, defined as
(1, ifa€A
Ia(a) = {0, otherwise (15)
0(o,s', a) is then given by
q(a) ifo=s'
0(o0,s',a) = {1—q(a) . (16)
|5|——1 otherwise

For the transition probability matrix, similar parameters are
defined as before for the amount of influence that an action has
over the benign agent. The terms m,, My, are the transmit and
spoof influence parameters, which denote the total probability
that the benign agent will move to a state not including any of
the slots occupied by the radar (typical values are m;,~[.4, .6],
mg,~[.8, .9]). Define Sf,; as the set of states that have a
frequency slot in common with the radar’s current configuration
when the radar takes action a. The quantity p(a) is defined as

p(a) = mtxﬂAtx(a) + msp]lAsp (@) a7

For the sensing action (a = 1), take the state transition matrix to
be the identity matrix (i.e., the benign agent maintains its state
configuration if the radar chooses to stay silent for a time step).
Otherwise, T (s, s', a) is given by:

( @
Hﬂjﬁﬁ—wfsﬁ fad
T(s,s',a) = 1 ng‘; (18)
—— 1 Otherwise
k |Srad|

We now remark on a disadvantage we have encountered with
the use of POMDPs. POMDPs present a very rigid model, and
significant deliberation is necessary to completely capture a
dynamic scenario as a POMDP. Such a rigid model may be
especially problematic if the radar environment is nonstationary.
In this work, the radar is assumed to have access to a POMDP
model through some form of learning or observation. A simple
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radar scenario is considered with only two spectrum slots.
Moving to more than two slots would require significantly more
state enumeration. The incremental pruning algorithm would
also grow significantly in computational complexity, as the main
component in the algorithm involves the solving of linear
programs that become large as the number of states and actions
Srows.

IV. SIMULATION RESULTS

In this section, simulation results are detailed for the
POMDP approach to decision making. The Incremental Pruning
algorithm was implemented in MATLAB, and all linear
programming was implemented using the optimization
toolbox’s linprog function. We profiled the code for our
experiments, and over 90% of the runtime was spent solving
linear programs.

Naturally, a more efficient linear program solver would have a
faster runtime. Also, a number of other algorithms for
approximate value iteration exist that show interesting results
and characteristics. [11, 16].

For our experiments, we compare the performance of the
decision-making agent to a heuristic agent that simply selects
the most rewarding action based on the most recent observation.
For example, if the agent receives the observation that the
benign agent is occupying no portion of the spectrum, the agent
would transmit in both slots for its next action. We compute the
optimal policy for the radar for a horizon of five time steps. We
simulate the scenario for a total of 25 time steps. The increased
number of states of this environment prevents visualization of
the value function surface as in Figure 3. Instead, a time-
frequency diagram is presented for both the intelligent agent and
the heuristic agent. Figure 4 demonstrates a comparison of the
time-frequency diagrams of the intelligent agent and the
heuristic agent. In this example, observation matrix parameters
Cex = 0.5, ¢p = 0.9, cens = 0.99 and transition influence
parameters my, = 0.5, mg, = 0.9 were chosen. Note that,
while both agents are subject to the same initial conditions and
take the same first action, the total state progression diverges
over time. Fewer spectrum collisions are desirable, and the
intelligent agent can be seen to yield substantially better results.
In this example, the intelligent agent generated a collision
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[ Spoof(No collision)
I spooficollision)
[ Occupied Slot

5 10 15 20 25
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Figure 4: (a) Time-frequency diagram for the intelligent agent over 25 time steps.
(b) Time-frequency diagram for the heuristic agent over 25 time steps.
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Figure 5: Bar chart demonstrating overall behavior of the two decision-making
agents over 2000 time steps. Asns, Atx, Asp correspond to the intelligent agent
sensing, transmitting, and spoofing, respectively while Hsns, Hix, Hsp correspond
to the heuristic agent sensing, and spoofing, respectively. The vertical axis
indicates the total number of times an action was taken.

penalty of 2, while the heuristic agent generated a collision
penalty of 11. The intelligent agent also has a significantly
higher reward score according to the reward matrix as a result of
the great reduction in the number of collisions. A longer
simulation was run over 2000 time steps to get a sense of the
overall behavior of the two agents. Figure 5 characterizes the
overall behavior of the two agents. Note that the heuristic agent
does not take the sensing action. Sensing is never the most
rewarding action in any of the states and can t hus be
interpreted as an information-gaining action. The intelligent
agent tends to sense when it is unsure of the environment. Also
note that the intelligent agent not only has significantly fewer
collisions with the benign agent than the heuristic agent but also
correctly spoofs the benign agent out of its spectrum
configuration more often. The goal of the decision-making agent
is to maximize reward. In these results, this goal is achieved by
minimizing the number of collisions, which also happens to
have the greatest penalty.

V. CONCLUSION

POMDPs have been evaluated as a framework for radar
decision making. One incarnation of the Incremental Pruning
Algorithm has been applied for value iteration and computation
of an optimal decision policy that maximizes discounted
reward. Results were simulated for a scenario where a radar
competes with a benign spectrum user for spectrum slots. These
results demonstrate a clear improvement over maximizing
immediate reward and suggest the usefulness of POMDPs for
decision making and planning.
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